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ON REMOVING ONE POINT FROM A COMPACT SPACE
GADY KOZMA
ABSTRACT. If B is a compact space and B \ {pt} is Lindelöf then Bκ \ {
−→
pt}
is star-Linedlöf for every κ. If B \ {pt} is compact then Bκ \ {
−→
pt} is dis-
cretely star-Lindelöf. In particular, this gives new examples of Tychonoff
discretely star-Lindelöf spaces with unlimited extent.
1. INTRODUCTION
A topological space X is called star-Lindelöf if for every open cover U
there exists a countable set F such that St (F,U) = X where
St (F,U) :=
⋃
{U ∈ U : U ∩ F 6= ∅}
or in other words, one may extract from U a subcover which can be written
as a countable collection of “stars”, each centered around a point of F . It
is an interesting and widely researched class (see [M98] for a survey) con-
taining many spaces, including all Lindelöf spaces, all separable spaces
and all countably compact spaces, for example ω1. A space is discretely
star-Lindelöf if the set F can also be taken to be closed and discrete (this
property is called “in discrete web” in [YG99] and [M00B]). Generally, prod-
ucts of star-Lindelöf spaces are not star-Lindelöf, and even a product of
a star-Lindelöf space with a compact space need not be star-Lindelöf (see
[BM01]). In light of the results stated above (and even more so, in light of
their proofs below), one might be tempted to think that the following might
be true:
Untrue. For every compact space B such that B \ {pt} is star-Lindelöf, so is
Bκ \ {
−→
pt}.
This is not true even for the product of 2 spaces. Let B be a compact
space and 0 ∈ B some point such that B \ {0} is a star-Lindelöf space
with uncountable extent (see below for the definition). Then a proof very
similar to lemma 2.3 of [BM01] shows that (B ∪ [0, ω1])2 \ {(0, ω1)} is not
star-Lindelöf. It is also possible to identify the two points 0 and ω1 and get
an example where the point removed is (0, 0).
Question 1. Is there a star-Lindelöf-like property T such that if B is compact
and B \ {pt} is T then Bκ \ {
−→
pt} is T for every κ?1
I must add that it is not immediate that the two results of this paper
cannot be joined. Thus I have
2000 Mathematics Subject Classification. 54D20, 54B10, 54A25, 54D30.
1It can be arguably claimed that this question is phrased too vaguely to be answered in
the negative...
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Question 2. Is it true that if B is compact and B \ {pt} is Lindelöf then
Bκ \ {
−→
pt} is discretely star-Lindelöf for every κ?
One of the motivations to discuss these point-removed-from-a-product
spaces is that they tend to have large extent. The extent of a space X,
denoted by e(X), is the supremum of the cardinalities of closed discrete
subspaces of X. The connection between the star-Lindelöfness or the star-
Lindelöf number2 of a space and its extent is a natural one — actually, the
star-Lindelöf number is sometimes called the weak extent (see [M00A]). In
[B98] this connection is discussed but only partial results are obtained.
Much stronger results were obtained in [M00A] where Tychonoff (i.e. T3 1
2
)
star-Lindelöf spaces of unbounded extent were constructed, and it was
shown that the extent of a T4 star-Lindelöf space is ≤ 2ℵ0 (clearly, the
extent of a metric star-Lindelöf space is at most countable). In [M00B]
it was further shown that the existence of a T4 star-Lindelöf space with
uncountable extent is consistent with ZFC. The following are still open,
though:
Question 3. Is the existence of a T4 star-Lindelöf with a closed discrete
subset of cardinality 2ℵ0 consistent?
I was informed by R. Levy that something quite close may be demon-
strated: a model in which 2ℵ0 is a limit cardinal and there exists a T4
star-Lindelöf space X (actually, a separable space) with closed discrete
subsets Dλ satisfying |Dλ| → 2ℵ0, so that e(X) = 2ℵ0.
Question 4. Is the existence of a T4 star-Lindelöf space with uncountable
extent indeed independent from ZFC?
The same connection between extent and separation can be questioned
for discretely star-Lindelöf spaces, and indeed this is done and answered
in [M00B]. Indeed [M00A] and [M00B] combined cover this question so
tightly that the only gap left is that the example in [M00A] is pseudocom-
pact (i.e. every real function is bounded) while the example in [M00B] is
not so, which is exactly question 1 in [M00B]. The simplest example of the
spaces discussed here, {0, 1}κ \ {
−→
pt} fulfills these conditions — Tychonoff,
discretely star-Lindelöf, pseudocompact and with extent κ.
The paper is organized as follows: section 2 will be devoted to star-
Lindelöf spaces, for which the proof is somewhat simpler and also, it
seems, more flexible. Section 3 will be devoted to discretely star-Lindelöf
spaces. In section 4 we shall give another proof that a T4 star-Lindelöf
space has extent ≤ 2ℵ0 — although a stronger claim was proved in [M00A],
this proof is simpler and sheds more light on the examples of chapters 2
and 3.
I wish to thank Mikhail Matveev for encouraging me to publish these
results, for reviewing preprints, and for generally being a nice person.
2See definition on page 5.
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2. STAR-LINDELÖF SPACES
Theorem 1. Let B be a compact space and 0 ∈ B a point satisfying that
B \ {0} is Lindelöf. Then for every cardinality κ, the space
X = Bκ \ {~0}
is star-Lindelöf, where ~0 is the point all whose coordinates are 0.
Proof. Let U be an open cover of X. Without loss of generality, we may
assume U is built of basic open sets, i.e. sets of the form
{x ∈ X : x(α) ∈ Oα, α ∈ E}
where E ⊂ κ is a finite set and the Oα’s are open in B. We may also assume
that for every U ∈ U ,
∃α ∈ E, 0 /∈ Oα (1)
since otherwise we can simply find a finite subcover of U . The first step is
to color κ by 2ℵ0 colors, i.e. to construct a mapping c : κ→ {0, 1}N using the
following inductive process: let C be the set of already colored elements,
and let α ∈ κ be minκ \ C. The set
{x ∈ X : x(α) 6= 0}
is a product of a Lindelöf space and a compact space, so it is Lindelöf. We
take a countable subcover {Uαi }
∞
i=1 ⊂ U . If
Uαi = {x ∈ X : x(β) ∈ O
α
i,β , β ∈ E
α
i }
then we define the total index set
Eα :=
⋃
i
Eαi .
We repeat this process for every uncolored element of Dα1 := E
α defining
Dαn :=
⋃
{Eβ : β ∈ Dαn−1 \C}
and
Dα∞ :=
∞⋃
n=1
Dαn .
Clearly, |Dα∞| ≤ ℵ0. Since c(D
α
∞ ∩ C) is countable we may color D
α
∞ \ C by
different colors taken from {0, 1}N \ c(Dα∞ ∩ C). This defines the coloring
process.
Next, for each β ∈ Dα∞ \ C we take, for every i ∈ N an arbitrary element
uβ,i ∈ U
β
i ; and for every γ ∈ D
α
∞ we define a subset of B,
V γ := {0} ∪ {uβ,i(γ) : β ∈ D
α
∞ \ C, i ∈ N} ,
“the subset of needed values”, which is again countable. Finally, we want
a “coloring order” function ϕ, so we define
ϕ(β) := α ∀β ∈ Dα∞ \ C .
Recapitulating, we have inductively defined the following objects:
(i) A mapping c : κ→ {0, 1}N.
(ii) A mapping ϕ : κ→ κ.
(iii) For every α ∈ κ sets Uαi ∈ U covering {x ∈ X : x(α) 6= 0} and their
total index set Eα.
4 GADY KOZMA
(iv) For every α ∈ κ a countable set V α = {vα(1), vα(2), ...} ⊂ B, vα(1) =
0.
and these four objects are connected by the facts that
β ∈ Eα ⇒ ϕ(β) ≤ ϕ(α) (2)
β, γ ∈ Eα ∧ (ϕ(β) = ϕ(α) ∨ ϕ(γ) = ϕ(α)) ⇒ c(β) 6= c(γ) (3)
Uαi = {x ∈ X : x(β) ∈ O
α
i,β , β ∈ E
α} ∧ ϕ(β) = ϕ(α) ⇒ V β ∩Oαi,β 6= ∅ (4)
The second step is to define the countable set F . For every finite set
I ⊂ N and for any function g : {0, 1}I → N we define an element fI,g of Bκ
by
fI,g(α) := v
α(g({c(α)i}i∈I)) (5)
and then
F := {fI,g : fI,g 6≡ 0} .
Clearly, |F | ≤ ℵ0.
The final step is to show that St (F,U) = X. Let therefore x be in X, and
let α ∈ κ be an element satisfying x(α) 6= 0 with minimal ϕ(α) (if more than
one exists, choose any). Using the fact that the sets Uα1 , ... cover the set
{x(α) 6= 0} we find some i for which x ∈ Uαi . We can represent U = U
α
i as
U = {x ∈ X : x(β) ∈ Oβ , ∀β ∈ E}
where E ⊂ Eα is a finite set.
Now, for every β ∈ E we have some jβ ∈ N satisfying
vβ(jβ) ∈ Oβ (6)
because ϕ(β) < ϕ(α) implies x(β) = 0 so 0 ∈ Oβ and we can choose jβ = 1,
while for ϕ(β) = ϕ(α) we use (4). We now write
E = C ∪D
with
C := {β ∈ E : ϕ(β) < ϕ(α)}
D := {β ∈ E : ϕ(β) = ϕ(α)} .
For every β, γ ∈ E not both in C we know (3) that c(β) 6= c(γ) and we choose
an index i = iβ,γ such that
c(β)i 6= c(γ)i .
We let I = {iβ,γ} and define a function g : {0, 1}I → N using
g({ǫi}) =
{
jβ ∃β ∈ E, ǫi ≡ c(β)i
1 ∀β ∈ E, ǫi 6≡ c(β)i
.
This is a good definition because the sets {c(β)i} can be identical for β 6= γ
only if β, γ ∈ C but in this case jβ = jγ = 1. This immediately implies
(remember (5, 6)) that
fI,g(β) ∈ Oβ ∀β ∈ E .
This implies that fI,g 6≡ 0, using (1), thus fI,g ∈ F . Of course, this also
gives f ∈ U so U ⊂ St (F,U) and since x ∈ U the theorem is proved. 
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If the base space B is T3 1
2
then the space X defined above is also T3 1
2
.
If B contains one point separated from 0 (denote this point by 1) then
e(X) ≥ κ since the set
{x ∈ X : ∃α, x(α) = 1, x(β) = 0 ∀β 6= α}
is a closed discrete set. If, say, the topology of B has a base with size ≤ κ
then e(X) = κ since the topology of X will have a κ sized base. Thus, for
example, the spaces {0, 1}κ\{
−→
pt} is a T3 1
2
star-Lindelöf space with e(X) = κ.
It is interesting to note that removing a little more from {0, 1}κ will de-
stroy this construction. For example,
Y κ := {0, 1}κ \ {x : x(α) = 0 except for at most one α} (7)
is not star-Lindelöf for κ > 2ℵ0. We shall present the proof of this fact in
section 4.
Theorem 1 can be generalized to arbitrary cardinals as follows:
Theorem 2. If λ ≤ τ , B is a compact space and 0 ∈ B a point such that
B \ {0} is λ-Lindelöf then the star-Lindelöf number of Bκ \ {~0} is ≤ τ for any
cardinality κ.
Where the definitions of λ-Lindelöf and the star-Lindelöf number are
the natural ones: if every cover of X has a subcover of cardinality ≤ λ then
X is λ-Lindelöf, and the star-Lindelöf number τ is the minimal cardinality
such that for every cover U one has a set F , |F | ≤ τ with St (F,U) = X.
We shall omit the proof of this theorem and contend ourselves with the
following remark: the “coloring” step only requires λ < 2τ — the stronger
condition λ ≤ τ is necessary for the definition of the sets V β.
Finally, I wish to note that theorem 1 generalizes without any change to
the case of different product terms:
Theorem 3. Let Bα, α ∈ κ be compact spaces and let 0α ∈ Bα be points
satisfying that Bα \ {0α} is Lindelöf. Then the space(∏
α∈κ
Bα
)
\ {~0}
is star-Lindelöf.
Theorem 2 may be generalized in the same manner.
3. DISCRETELY STAR-LINDELÖF SPACES
If B is a trivial space, that is only B and ∅ are open, say with 2 points,
then Bκ \ {~0} has no non-empty closed discrete subsets. To avoid such
issues we shall restrict our attention to T1 spaces.
Theorem 4. Let B be a T1 space, and let 0 ∈ B be a point such that B \ {0}
is a compact space. Then X := Bκ \ {~0} is discretely star-Lindelöf.
Be forewarned that this proof is even messier than the proof of the
previous theorem! The basic idea is the same but there is no “coloring”
step and we construct F directly.
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Proof. As before, we shall require from the cover U that it is done with
basic open sets, and that it is not trivial (i.e. no finite subcover). We shall
construct inductively the following objects:
(i) A set Cα ⊂ κ, “the set of fully defined indexes”.
(ii) A sequence of sets Pαm ⊂ κ \ C
α with
⋃
m P
α
m finite, “the sets of par-
tially defined indexes” (in essence at most two will be non-empty
at each step).
(iii) Functions fαn : C
α → B satisfying ∀β ∈ Cα that fαn (β) = 0 for almost
all n. The fαn ’s extend each other i.e. α1 < α2 implies C
α1 ⊂ Cα2 and
fα2n |Cα1 ≡ f
α1
n .
(iv) For every β ∈
⋃
m P
α
m a finite set I
α
β ⊂ N (we assume as a matter
of notation that β /∈ ∪Pαm implies I
α
β = ∅) and scalars f
α
n (β) ∈ B for
every n ∈ Iαβ .
(v) A one-to-one function ϕα : Cα → [1, α] such that ϕ(β) is always a
non-limit ordinal, “the defining order function”, with the ϕα’s also
extending each other.
Assume α is non-limit, i.e. α− satisfies that (α−)+ = α. First we select an
mα ∈ N and a µα ∈ κ \ Cα
−
as follows: if for some m we have Pα
−
m 6= ∅ then
we take mα to be the minimal such m and µα := minPα
−
m . Otherwise, we
take mα := 0 and µα := minκ \ Cα
−
.
Now we examine the set
Xµα := {x ∈ X : x(µ
α) 6= 0}
which is compact, so we take a finite subcover Uα1 , ..., U
α
kα and let E
α be the
total index set. For every β ∈ Eα ∩ Cα
−
we define
Jαβ := {n ∈ N : f
α−
n (β) 6= 0}
Jα :=
⋃
Jαβ
which is a finite set. Finally, for every i ≤ kα we take some uαi ∈ U
α
i and a
distinct number
nαi ∈ N \ (J
α ∪
⋃
β∈∪Pα
−
m
Iα
−
β ) . (8)
We are now ready to proceed with the induction. We define
Cα := Cα
−
∪ {µα}
fαn (β) :=


fα
−
n (β) β 6= µ
α
fα−n (β) β = µ
α, n ∈ Iα
−
µα
uαi (β) β = µ
α, n = nαi
0 otherwise
(9)
Pαm :=
{ (
Pα
−
m \ {µ
α}
)
∪ (Eα \ Cα) m = mα + 1
Pα
−
m \ {µ
α} otherwise
(10)
Iαβ :=
{
Iα
−
β ∪ {n
α
i }
kα
i=1 β ∈ E
α \ Cα
Iα
−
β otherwise
(11)
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fαn (β) :=
{
uαi (β) β ∈ E
α \ Cα, n = nαi
fα−n (β) otherwise
(12)
ϕα(β) :=
{
α β = µα
ϕα
−
(β) otherwise
which clearly fulfills all finiteness requirements.
For α a limit ordinal we define more simply
Cα :=
⋃
β<α
Cβ
Pαm := ∅ ∀m (13)
fαn :=
⋃
β<α
fβn
ϕα :=
⋃
β<α
ϕβ .
This finishes the description of the induction, and we must now show that
it actually creates relevant objects. We start off with something light.
Claim. Cκ = κ
We build inductively a ψ : κ → κ such that [1, α) ⊂ Cψ(α) and |ψ(α)| = |α|
for every infinite α. For a non-limit ordinal α we take
ψ(α) := ψ(α−) + ω + 1
and the induction hypothesis is fulfilled due to (13) and to the definition
of mα, while for a limit α we take
ψ(α) :=
⋃
β<α
ψ(β)
which clearly finishes the claim.
This shows that fκn and ϕ
κ are indeed well defined functions on κ, so
define
fn := f
κ
n
ϕ := ϕκ
F := {fn : fn 6≡ 0}
The fact that F is closed and discrete follows immediately from require-
ment (iii), i.e. from
fn(β) = 0 for almost all n
(here we used the fact that B is T1) so we are now left with the chore of
showing that St (F,U) = X. Let x be in X and let
α := min{ϕ(β) : x(β) 6= 0}
µα = ϕ−1(α) .
This definition of α implies that it is a non-limit ordinal, and that x(β) = 0
for all β ∈ Cα
−
. We pick some i(x) such that x ∈ Uα
i(x), and again write
Uαi(x) =: {u ∈ X : u(β) ∈ Oβ , ∀β ∈ E
α} .
We examine the corresponding nαi(x). Denote n = n
α
i(x) and f = fn.
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(i) For β ∈ Eα ∩ Cα
−
we have n /∈ Jαβ (remember (8)) so f(β) = 0 and
since x(β) = 0 we must have f(β) ∈ Oβ.
(ii) For β = µα we have f(β) = uα
i(x)(β) ((9) clause 3) and since u
α
i(x) ∈
Uα
i(x) we again get f(β) ∈ Oβ.
(iii) For β ∈ Eα \ Cα we have ((10), (11) and (12)) that β ∈ Pαmα+1, n ∈ I
α
β
and
fαn (β) = u
α
i(x)(β) ∈ Oβ .
Now the definition of mα gives that Pαm = ∅ for all m < m
α, and
the definition of µα gives that every step from α to α+ removes one
element from Pmα so for α′ := α+ |Pαmα | we have P
α′
mα = ∅ as well and
for α′′ := α′ +
∣∣∣Pα′mα+1∣∣∣ we have Pα′′mα+1 = ∅ and in particular β ∈ Cα′′
so
fα
′′
n (β) = f
α
n (β)
((9) clause 2 for some appropriate α′ ≤ α ≤ α′′) so again f(β) ∈ Oβ.
These 3 give us that f(β) ∈ Oβ for all β ∈ Eα so f ∈ Uαi(x). As before, we can
conclude that f 6≡ 0 since otherwise U would have a finite subcover and
therefore f ∈ F which means that x ∈ Uα
i(x) ⊂ St (F,U) and the theorem is
proved. 
As explained in section 2, the space X := {0, 1}κ \ {pt} is Tychonoff and
e(X) = κ. It is well known that this space is pseudocompact therefore it
is also an answer to question 1 from [M00B]. I provide a proof for the
convenience of the reader.
Theorem 5. X = {0, 1}κ \ {pt} is pseudocompact for every κ > ℵ0.
Proof. Let f : X → R be a continuous unbounded function. We take Un to
be basic open sets inside f−1(R \ [−n, n]). We write
Un = {x ∈ X : x(β) ∈ Oβ , ∀β ∈ En} .
We find a g1 : F1 → {0, 1} (F1 := E1), such that infinitely many Un’s intersect
the set
X1 := {x ∈ X : x|F1 ≡ g1}
(this is clearly possible). Continuing inductively, we take n2 to be some
index satisfying Un2 ∩ X1 6= ∅ define F2 := F1 ∪ En2 and g2 : F2 → {0, 1} an
extension of g1 satisfying that infinitely many Un’s intersectX2. Continuing
this process ℵ0 steps we reach a contradiction since any element of X such
that
x|∪Fi = ∪gi
is a point of discontinuity for f . 
Remark. Another popular variation on the definition is to require that the
set F will be taken in some predefined dense subset S. See for example
[B98], for the properties “absolutely star-Lindelöf”, in which F is assumed
to be countable; and “property (a)”, in which F is assumed to be closed
and discrete, but not necessarily countable. Nothing like that works for
our spaces, e.g. for {0, 1}κ\{~0}, κ > ℵ0. For absolutely star-Lindelöf spaces,
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this is proved in [B98, theorem 8.2]. The following simple proof shows this
for both definitions. Take as the dense set
S := {x ∈ X : x(α) = 1 except on a finite set} .
For the cover, divide κ into κ1 ∪ κ2, |κ1| = |κ2| = κ and let ϕ : κ1 → κ2 be
one-to-one onto. Define
D := {x ∈ X : ∃α ∈ κ1, x(β) = 1⇔ α = β}
which is closed so we can cover X using sets of the form
Uα := {x : x(α) = 1, x(ϕ(α)) = 0}, α ∈ κ1
and add X \ D. This is obviously an irreducible cover, that is it has no
proper subcover. To show that X is not “absolutely star-Linelöf”, take a
countable F ⊂ S. Clearly for some α ∈ κ1, f(α) = f(ϕ(α)) = 1 for all f ∈ F
and therefore St (F,U) 6= X.
As for closed and discrete subsets of S (“property (a)”), note just that S
contains only finite closed discrete subsets, so this problem reduces to the
previous one.
4. T4 SPACES
Theorem 6. Any T4 star-Lindelöf space satisfies e(X) ≤ 2
ℵ0 .
Proof. Assume to the contrary that D ⊂ X is a closed discrete subset,
|D| = κ > 2ℵ0. Let σ be a one-to-one onto mapping
σ : D → {(α, β) ∈ κ× κ : α 6= β} .
For every α ∈ κ we define the closed sets
Aα := σ
−1({(α, β) : β 6= α})
Bα := σ
−1({(β, α) : β 6= α}) .
Using normality, we find two disjoint open sets Cα and Dα satisfying
Cα ∩D = Aα
Dα ∩D = Bα .
We examine the family
U := {Cα ∩Dβ : α 6= β}
adding to it, if necessary, the set X \D to make it a cover. This is clearly
an irreducible cover. Assume that for some countable F , St (F,U) = X . We
write F = {f1, f2, ...} and build a map
τ : κ→ {0, 1}N
by
τ(α)i =
{
1 fi ∈ Dα
0 otherwise
.
Since κ > 2ℵ0 we have some α 6= β for which τ(α) = τ(β). However, in this
case,
fi /∈ Cα ∩Dβ ∀i ∈ N
since
fi ∈ Cα ∩Dβ ⇒ τ(α)i 6= τ(β)i
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and therefore
σ−1((α, β)) /∈ St (F,U) 
As discussed in the introduction, this result is not new. However, we
will now use this technique to show, as promised, that the spaces Y κ
defined in section 2 (equation (7)) are not star-Lindelöf for κ > 2ℵ0. We
start by dividing κ into κ1 ∪κ2 with |κ1| = |κ2| = κ, taking a one-to-one onto
map
σ : κ1 → {(α, β) ∈ κ2 × κ2 : α 6= β} ,
a closed discrete set
D = {x ∈ Y κ : x(α) = 1 only for one α ∈ κ1 and for σ(α)1} ,
open sets
Uα := {x ∈ Y
κ : x(α) = 1, x(σ(α)1) = 1, x(σ(α)2) = 0} ,
and a cover
U := {Uα}α∈κ1 ∪ {Y
κ \D}
which is clearly irreducible. The proof now continues similarly, with Cα
and Dα defined for α ∈ κ2 by
Cα := {x ∈ Y
κ : x(α) = 0}
Dα := {x ∈ Y
κ : x(α) = 1} .
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